Some implications of the simplest accounting of defects of compatibility in the velocity field on the structure of the classical Navier-Stokes equations are explored, leading to connections between classical elasticity, the elastic theory of defects, plasticity theory, and classical fluid mechanics.
Introduction
The objective of this brief note is to explore connections between the violation of the St.-Venant compatibility conditions in the theory of linear elasticity leading to the elastic theory of defects [Krö81] , and its counterpart in classical fluid mechanics embodied in the Navier-Stokes equations. A modified 'defect Navier-Stokes' model is postulated and some preliminary observations on its implications are made.
Kinematics of defects in the velocity field
Consider the situation when the spatial velocity gradient field in a flowing fluid becomes singular on a surface of discontinuity, when viewed from a macroscopic length scale. Denote the 'singular' part of the velocity gradient by L (s) . Then, one can define the 'regular' part as
where v is the spatial velocity field of the fluid particles (the symbol ∇ is meant as a distributional gradient). Thus, L (r) is an integrable field, containing, roughly speaking, at most bounded discontinuities. Similarly, now consider the gradient of the regular part of the velocity gradient; this may as well contain a singular part, K (s) , and we again define the regular part of ∇L (r) as
Thus, ∇L (s) + K (s) may be considered as the singular part of the second-gradient of the velocity field. We note that
(all tensors will be expressed w.r.t a fixed orthonormal basis of a rectangular Cartesian coordinate system and all spatial derivatives are w.r.t the coordinates of the said system parametrizing the current configuration of the body; a curl of a tensor amounts to a 'row-wise' curl based on the last index of the matrix of the tensor -this has an invariant meaning). In the theories we envisage, we expect the 'singular parts' to also be integrable functions, at least, so partial differential equations, in some appropriate weak form, has a chance of being formulated for their evolution. Physically, this implies that we are adopting a microscopic point of view that resolves, with additional integrable fields, these macroscopically singular concentrations, the latter assumed to be manifestations of viewing, from a distance (or over a macrosocpic scale), localized smooth concentrations on a microscopic scale. This is expected to be organized by the modified structure of the governing equations of the theory and its constitutive equations. With this understanding, the regular parts of fields are not expected to have any 'large' concentrations even on 'thin' sets (of full measure), at most containing bounded discontinuities. In order to make a connection with Weingarten's theorem [Wei01, Delb, Vol07, Dela, Ach19], we will consider the restricted case where K (s) , a third-order tensor, is skew in its first two indices, which can also be expressed in terms of a second order tensor ω (s) as
Then,
sk,m , and we define the velocity-disclination density or v-disclination density as
We also define the velocity-dislocation density or v-dislocation density as
is a curl of a field. Physically, the support of the curl of the singular part of the gradient of a field, when concentrated around a curve, represents the termination of a surface of discontinuity of the field in question.
Since both α and θ are defined as curls, they admit natural balance statements related to topological charge of lines/cylinders of support where these fields are concentrated [Ach18] . These cylinders cannot end in the body so that they are closed loops or run from boundary to boundary of the body (mathematically, a curl is divergence-free). The conservation law for topological charge carried by these fields can be expressed, in the Eulerian setting, in the form [Ach07, Sec. 3]
where V (θ) and V ( α) are the spatial velocities of the v-disclination and v-dislocation defect fields, respectively, relative to the fluid particles. These are to be constitutively specified. To see the connection of the kinematic structure above to the St.-Venant compatibility condition of linear elasticity theory, we have from (6)
noting that (inc A) sym = 0, for A skew-symmetric and
sym . The symbol inc is the St.-Venant compatibility operator, and we see that in the presence of v-dislocations and v-disclinations in the body, D (s) cannot generally be represented as the symmetrized gradient of a velocity vector field, and neither can D (r) from (1) and linearity of the operator inc.
3 A minimally modified Navier-Stokes system and discussion
Assume that V (θ) = V ( α) = 0, i.e., the v-disclination and v-dislocation defects move with the fluid velocity, and consider the system
where D = (∇v) sym , and dρ dt is the material time derivative of the mass density ρ. For a compressible fluid C is a constant, positive-definite, isotropic, fourth-order tensor, characterized by two scalar constants, the bulk and shear viscosities (C = λI ⊗ I + 2µI), where I is the second-order identity and I is the fourth-order identity tensor on the space of symmetric tensors, and the scalar p is then the constitutively determined 'thermodynamic pressure,' typically a function of the density ρ. For an incompressible fluid it follows that dρ dt = div v = 0, and C is then characterized by a single constant (C = 2µI, µ > 0) and the field p is now not determined constitutively, but instead through the field equations (9) and prescribed boundary and initial conditions. Equations (9c)-(9d)-(9e) represent the balance of linear momentum, the second law of thermodynamics, and the balance of mass, respectively. We make the following observations:
1. We first consider the restricted case where div CD (s) = 0.
In that case, the model may be interpreted as follows: when the fluid velocity field is such that the D field is regular, i.e., D (s) = 0, then we have the standard N-S system. When D (s) = 0 in the domain, we consider two further cases:
• Assume K (s) = 0, ω (s) = 0, i.e., the gradient of the regular part of the velocity gradient is regular.
Then, every singular solution of the classical N-S system (9c) and (9e) now needs to satisfy an additional nonlocal differential inequality (9d) arising from D (s) being a functional of the velocity field obtained by solving the system (9b) and (9a) with α replaced by α.
There are obvious 'gauge invariances' here, e.g., D (s) is unique up to additions of symmetrized gradients of vector fields (9b), and considering the set of all possible D (s) fields corresponding to each velocity field that solves (9c) and (9e), (9d) appears to be a statement of convexity of the set (with D being a point on its boundary). If boundary (and interior) conditions are invoked to supply uniqueness of solutions to (9b) 1 , then (9d) becomes a nonlocal inequality constraint.
The similarities with notions of yield functions in rigid plasticity are to be noted.
• Suppose now K (s) = 0. The situation is mathematically as in the previous case but the physical meaning of the variable α, and consequently the set of admissible D (s) , for a given v field is different, and this difference arises from the initial conditions (and inflow boundary conditions) imposed on (9a) in the two cases. For example, suppose both α and θ are supported in a compact disk (for a 2-d flow) and the field θ is some positive scalar multiple of a fixed, non-zero tensor -then the consistent 'initialization' for α cannot have compact support in any region strictly contained inside the flow domain under consideration.
As an aside, following the procedures of the stress-function approach to linear elasticity [Krö81] , if we assume the restricted ansatz D (s) = inc χ with χ symmetric and div χ = 0, then div D (s) = 0, and inc D (s) = ∆ 2 χ, where ∆ 2 is the biharmonic operator, ∆ 2 (·) = (·) ,jjkk , thus giving familiar structure to the solutions of (9b) 2 .
2. Of course, it is possible to consider the case div CD (s) = 0, in which case there is a direct coupling between the velocity and D (s) fields. Note that on space-time filtering in the usual way (see, e.g., [Bab97] ), a different contribution than the usual Reynolds stress tensor will appear in the averaged total stress tensor from the average of the D (s) field. To see this, consider the case of an incompressible fluid for simplicity and the following averaging operator:
For any microscopic field q (viewed as a function of the variables (x ′ , t ′ )), the meso/macroscopic space-time averaged fieldq is given as:
where B is the flow domain and Λ is a sufficiently large interval of time. Ω(x) is a bounded region within the domain around the point x with linear dimension of the spatial resolution of 1 For instance, as subsequently mentioned in the text, if D (s) is defined as D (s) := inc χ where χ is a solenoidal symmetric tensor field, then χ satisfies the inhomogeneous biharmonic equation, a fourth-order elliptic equation whose conditions for well-posedness are well-understood (see, e.g., [Rek77] ). Such boundary conditions may be imposed, justified by the requirement that D (s) should vanish when the rhs of (9b) vanishes. 2 If the fluid is incompressible, then in the restricted case under consideration we have div D (s) = 0. Thus, if the fluid domain is nonparaphractic (i.e., no embedded holes) we may apply the representation D (s) = inc χ with div χ = 0 without loss of completeness. In [AF19] , we restrict the general theory presented here to the study of velocity dislocations in fluid dynamics, and, assuming div D (s) = 0, we give an elementary example of the theory for the case of plane Poiseuille flow of an incompressible fluid between parallel plates. The fluid is driven by a steadily increasing pressure gradient. At a specified Reynolds number the classical steady laminar flow is switched to an incompatible steady flow, which we determine. A description of the nonsteady transition that takes place between these two steady flows is left for a future study. the model to be developed, and I(t) is a bounded interval contained in Λ. The weighting function w is non-dimensional and non-negative scalar valued, and assumed to be smooth in the variables x, x ′ , t, and t ′ . For fixed x and t, w has support in Ω(x)×I(t) when viewed as a function of x ′ and t ′ . Considering (9) as a system for microscopic fields (with differential operators in terms of the microscopic space-time variables) and applying the averaging operator (10) to each equation of the system, noting that ρ is a constant and ∂ x i w = −∂ x ′ i w, ∂ t w = −∂ t ′ w, one obtains (up to a 'layer' around ∂B) the averaged equations
where all differential operators are w.r.t. the coordinates (x, t), and we note that it is only under very special circumstances that averages of products are equal to products of averages. The 'independent' fields of the averaged model above are ( α, v). While the fields F (·) are well-defined in terms of the fields of the 'microscopic' system (9), they cannot, in general, be expressed as functionals of the independent fields of the averaged model, such expressions being referred to as 'closure' relations. It is clear, given the microscopic model (9), that evolution equations for the F (·) fields can as well be written down, making them (the F (·) s) additional independent fields and giving rise to further higher-order 'fluctuations,' and the cycle continues, lacking closure. In this manner an infinite hierarchy of equations arises but, of course, it is the closure equations for the fluctuations up to any given/inferred retained level that are of paramount fundamental importance as well as the determination of at what level, if at all, the microscopic dynamics (9) implies a closed averaged model.
3. From work in [GAM15] , nucleation of the defect fields θ and α from null initial conditions on them can be expected due to the coupling to the velocity field v in (7).
4. A different modification is to have V (θ) , V ( α) constitutively specified, increasing the ad-hoc nature of the model. An interesting and strong difference between defect dynamics in elasticity and the present fluid model is that in solids, the defect fields in the inverse deformation gradient have an effect upon the stored energy and the Second Law of Thermodynamics constrains the constitutive specification of the defect velocity fields. In the viscous fluid case being discussed, the defects in the velocity field do not affect the stored energy, and the Second Law, as it stands, does not appear to provide any direct guidance, at least of the type available in solids, on the constitutive specification of the defect velocities. Thus, for this modification, the Second Law, as it stands in classical fluid dynamics, may not be adequate, and a critical examination of the physical admissibility of additional energy related contributions due to the existence of defects in fluids is warranted.
A primary remaining question is if the structure of this model can be useful in the study of the N-S equations (especially for high Reynolds number flows), since it poses additional constraints on solutions of the classical N-S system.
An associated question is whether or not the 'singularities' α and θ can be experimentally observed in flow visualizations. For example, one situation which may be amenable to identification of singularities through analysis of flow visualization is when these defects are isolated, i.e., the fields α and θ are localized in a field of disks with compact support strictly contained within the flow domain. The line integral of L (r) on a closed loop in 'good' far-field fluid can presumably be evaluated and when α = 0, this integral vanishes regardless of the contour. When θ = 0, but the closed-loop integral of L (r) is non-zero, then it takes the same value on all contours encircling the support of the α field. Thus the constancy of this integral on the said contours would generally signal the absence of 'flow-curvature' singularities, i.e., curl Y (r) = 0.
